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Abstract
Let k be a field of positive characteristic p, and let P be a finite p-group. In this paper, I state a combi-
natorial characterization of finite dimensional permutation kP -modules.
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Let p be a prime number, let k be a field of characteristic p, and let P be a finite p-group. It
is well known that if M is a finite dimensional kP -module, then
dimk M  |P |dimk MP
where MP is the set of fixed points of P on M , and that equality holds if and only if M is a
projective (i.e., free) kP -module.
The main result of this paper is a similar characterization of permutation kP -modules:
Theorem 1. Suppose k is a field of characteristic p (a prime number) and P a p-group. For all
finite dimensional kP -module V , we have
dimk V 
∑
Q⊆P
Q mod P
|P : Q|.dimk
(
V QNP (Q)
)
where V Q := V Q/∑S⊂Q TrQS V S +∑Q⊂T ResTQV T We have equality if and only if V is
a permutation kP -module.
To show this result, I will use the theory of Mackey functors. I determine a projective cover
of the fixed points functor as a cohomological Mackey functor.
In Section 2, I will recall some results about Mackey functors.
In Section 3, I will use a classical result about projective covers of cohomological Mackey
functors.
In Section 4, I will recall a nice result of Jacques Thévenaz and Peter Webb: cohomological
Mackey functors are functors FPX where X is a direct summand of a permutation module [4,
Theorem (16.5), p. 1929]. And I will use this to proof previous theorem. We can establish a link
with the following proposition (Ian Leary and Björn Schuster [2]).
Proposition 2. Let G1, . . . ,Gn be subgroups of a p-group G, where the order of Gi+1 is at
least the order of Gi and let M be a ( finitely generated) Fp[G]-module. Let m1, . . . ,mn be the
integers whose calculation is described below. Then M contains a submodule M ′, where
M ′ ∼= m1Fp[G/G1] ⊕ · · · ⊕ mnFp[G/Gn],
and M ′ has maximal dimension among all submodules of M isomorphic to a direct sum of copies
of the Fp[G/Gi].
To compute mi , proceed as follows. Let M0 be the zero submodule of M . If Mi−1 has been
defined, let
Mi = Mi−1 + Im
(( ∑
g
)
: MGi → M
)
,g∈G/Gi
4474 M. Samy Modeliar / Journal of Algebra 319 (2008) 4472–4484where the sum ranges over a transversal to Gi in G, MGi denotes the Gi -fixed points of M , and
the sum is an element of Fp[G] viewed as an element of End(M). Now define
mi = dimMi − dimMi−1
without loss of generality, it may be assumed that no two of G1, . . . ,Gn are conjugate. The
dimension of M ′ is equal to the sum ∑i mi |G : Gi |. If G1, . . . ,Gn contains a representative of
each conjugacy class of subgroups of G, then dimM ′ = dimM if and only if M is a permutation
module.
Ian Leary and Björn Schuster consider a submodule whereas I use an embedding.
2. Notations and recalls
2.1. Notations
In this article,
• p will denote a prime number,
• k is a field of characteristic p,
• P is a finite p-group,
• for a commutative ring R, I will denote R-Mod the category of R-modules.
2.2. Mackey functors
There are several equivalent definitions of Mackey functors. In this article, I will use only two
of them. The first one is due to Green [1], the second to Thévenaz and Webb [3].
Definition in terms of subgroups (Green [1]). Let R be a commutative ring and G a finite
group. A Mackey functor for the group G with values in R-mod is a map
M : {subgroups of G} → R- Mod
together with maps
tHK : M(K) → M(H),
rHK : M(H) → M(K),
cg,H : M(H) → M
(g
H
)
for K H and g ∈ G, such that
1. tHH = rHH = ch,H = IdM(H) for all h ∈ H .
2. rKJ r
H
K = rHJ for all subgroups J K H .
3. tHK t
K
J = tHJ for all subgroups J K H .
4. cg,hGch,G = cgh,G for all g,h ∈ G.
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6. t gHgK cg,K = cg,H tHK for all subgroups K H and g ∈ G.
7. rHJ t
H
K =
∑
x∈[J\H/K] tJJ∩gKcx,J x∩KrKJx∩K for all subgroups J and K of H .
The maps rHK are called restriction, the maps t
H
K are called induction or transfer and the
maps cg are called conjugation. Axiom 7 is called Mackey Axiom.
A Mackey functor for the group G over R can be define as module over an algebra, the
Mackey algebra [3].
With the first or second definition, Mackey functors form an abelian category. These two
abelians categories are equivalent and these two definitions are equivalent [4]. Depending on the
case, I will use one or the other of these definitions.
I will need also the following results:
Definition 1. Let M and N be two Mackey functors for a group G over a ring R. A homomor-
phism of Mackey functors
f : M → N
is a collection of homomorphisms of R-modules
fH : M(H) → N(H)
for subgroups H of G which commute with the morphisms of restriction, transfer and conjuga-
tion.
Let f : L → M and g : M → N be two homomorphisms of Mackey functors then
g ◦ f : L → N is a homomorphism of Mackey functors defined by
(g ◦ f )H = gH ◦ fH
for subgroups H of G.
The category whose objects are the Mackey functors for a group G on a ring R and the maps
are homomorphisms of Mackey functors for G over R is called the category of Mackey functors
and is denoted by MackR(G).
Definition 2. A Mackey functor M is called cohomological if for all subgroups H and K of G
such that K H we have
tHK r
H
K = |H : K|.IdM(H).
One will denote by coμR(G) the full subcategory of MackR(G) whose objects are the coho-
mological Mackey functors.
If this does not lead to confusion, one simply denotes it by coμ(G).
A cohomological Mackey functor for the group G over R can be define as module over an
algebra, the cohomological Mackey algebra μ˜R(G) [5].
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Proof. Cf. [5, p. 16]. 
In [6], Yoshida showed that the category of cohomological Mackey functors is equivalent to
the category of modules on an algebra a priori different from the cohomological Mackey algebra.
In fact, this algebra is isomorphic to μ˜R(G), but Yoshida’s work appeared to print out 12 years
before that of Thévenaz and Webb.
Definition 3. Let V be an RG-module. The fixed point functor FPV is the Mackey functor such
that for all K H G
FPV (H) = V H
where V H is the set of elements of V which are fixed by H
ResHK : V H → V K is the canonical inclusion
and TrHK :
⎧⎨⎩V
K → V H ,
x →
∑
h∈[H/K]
h.x.
Remark 1. For FPV , morphisms of restriction and induction are generally denoted ResHK
and TrHK .
Definition 4. A Mackey functor is called simple if it is simple as μR(G)-module.
For simple Mackey functors associated to the trivial module k, we have by [4, Lemma 15-1,
p. 1922], and for any H G
SQ,k(H) =
{
k if Q is conjugate to a Sylow p-subgroup of H,
0 else.
3. Projective cover of a fixed point functor
From now on, V will denote a finite dimensional kP -module.
The aim of this section is to give a projective cover of the fixed point functor FPV .
The projective cover of a module over a finite dimensional k-algebra is given by the classical
result:
Theorem 4. Let l be a field, A be a finite dimensional l-algebra and U be A-module which is
finite dimensional over l. Then the projective cover of U is
Π =
⊕
S simple
(CS)
diml (HomA(U,S))/diml (EndA(S))
where CS is the projective cover of S.
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l = k,
A = μ˜(P ).
A cohomological Mackey functor is a module over the cohomological Mackey algebra and
the functor FPV is a cohomological Mackey functor [4, Theorem (16.5), p. 1929]. I suppose that
S = S(P )Q,k,
U = FPV .
In this case, by Proposition 5.2, p. 1879 of [4],
CS = IndPQ FPk  FPIndPQ k.
To determine the projective cover of FPV , I still have to compute Endcoμ(P )(S(P )Q,k) and
Homcoμ(P )(FPV ,S(P )Q,k).
Proposition 5. For any subgroup Q of P ,
EndA
(
S
(P )
Q,k
) k.
Proof. [4, Theorem 3.6]. 
It follows that
dimk
(
EndA
(
S
(P )
Q,k
))= 1.
It remains to compute Homcoμ(P )(FPV ,S(P )Q,k). To answer that question, I need the following
definition:
Definition 5. Let V be a k-module and Q be a subgroup of P then set
V Q := V Q
/∑
S⊂Q
TrQS V
S +
∑
Q⊂T
ResTQV
T .
Remark 2. It is a quotient of the classical Brauer quotient defined by
V [Q] := V Q
/∑
S⊂Q
TrQS V
S.
I need also the following lemma:
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Let {fH }HP be a set of mappings such that, for any H  P
fH ∈ Homk
(
M(H),SQ,k(H)
)
then the following conditions are equivalent:
1. (fH )HP ∈ Homcoμ(P )(M,SQ,k).
2. For any groups S and T such that S < Q < T  P , we have
• fQ(tQS (V S)) = 0,
• fT (rTQ(V T )) = 0,
• for x ∈ P and v ∈ V Q
fxQ(x.v) = fxQ
(
cx,V Q(v)
)
= fQ(v).
Remark 3. The last equality makes sense because
SxQ,k
(x
Q
)= SQ,k(Q) = k.
Proof. As P is a p-group then
SQ,k(H) =
{
k if Q is conjugate to H,
0 else.
Thus {fH }HP ∈ Homcoμ(P )(M,SQ,k) if and only if the following diagrams are commuta-
tive.
V Q
fQ
k
V S
t
Q
S
fS
0
0
V T
rTQ
fT
0
0
V Q
fQ
k
and for x ∈ P
V Q
cx
fQ
k
idk
V Q
fxQ
k.
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fQ
(
t
Q
S
(
M(S)
))= 0,
fT
(
rTQ
(
M(T )
))= 0
and for any x ∈ P and any v ∈ V Q
fxQ(x.v) = fxQ
(
cx(v)
)
= fQ(v).
And the lemma follows. 
Proposition 7. For any subgroup Q of P ,
Homcoμ(P )
(
FPV ,S(P )Q,k
) Homk(V QNp(Q), k).
Proof. Let Q be a subgroup of P .
It follows from Lemma 6 that, for any (fH )HP ∈ Homcoμ(P )(FPV ,SQ,k) there exists a
unique map fQ such that the following diagram is commutative:
V Q
fQ
s
k
V QNP (Q)
fQ
where s is the canonical surjection.
Thus, I can define the map
α :
{
Homcoμ(P )(FPV ,SQ,k) →
(
V QNP (Q)
)∗
,
f → fQ.
Let φ ∈ (V QNP (Q))∗.
For any x ∈ P , let
(φ˜) xQ :
{
V
xQ → k,
v → φ(x−1.v)
and for any H =P Q, let
(φ˜)H = 0.
For any x ∈ P , the map (φ˜) xQ is well defined.
Indeed, if y ∈ P and xQ = yQ then xy−1 ∈ NP (Q).
Thus for any v ∈ V Q, I have
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= s(y.v).
Moreover
φ ◦ s(tQS (V S))= φ(0)
= 0,
φ ◦ s(rTQ(V T ))= φ(0)
= 0
and for any x ∈ NP (Q) and any v ∈ M(Q)
φ ◦ s(x.v) = φ ◦ s(cx,Q(v))
= φ ◦ s(v).
It follows from Lemma 6 that(
(φ˜)H
)
HP ∈ Homcoμ(P )(FPV ,SQ,k).
I denote by β the following map
β :
{(
V QNP (Q)
)∗ → Homcoμ(P )(FPV ,SQ,k),
φ → ((φ˜)H )HP .
I will check that β ◦ α = Id.
For any f ∈ Homcoμ(P )(FPV ,SQ,k) and any x ∈ P , I have
( ˜fQ)xQ :
{
V
xQ → k,
v → fQ
(
x−1.v
)= fQ(x−1.v)
thus
( ˜fQ)xQ = fxQ
and for any H =P Q
( ˜fQ)H = 0 = fH .
Thus
β ◦ α(f ) = f.
I still have to check that α ◦ β = Id.
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(φ˜)Q :
{
V Q → k,
v → φ ◦ s(v)
thus

(φ˜)Q :
{
V QNP (Q) → k,
s(v) → φ(s(v))
and so
α ◦ β(φ) = (φ˜)Q
= φ.
Thus
Homcoμ(P )(FPV ,SQ,k) 
(
V QNP (Q)
)∗
.
This completes the proof of the proposition. 
Theorem 4 leads to the following result:
Theorem 8. A projective cover of FPV is
Π = FPU
where
U =
⊕
Q⊆P
Q mod P
IndPQ k ⊗k Homk
(
V QNp(Q), k
)

⊕
Q⊆P
Q mod P
k(P/Q) ⊗k V QNP (Q).
Remark 4. One can generalize this result to the case of an arbitrary finite group G. The kG-
module U would then be expressed according to the indecomposable p-permutations modules,
and sets of homomorphisms having certain properties. Unfortunately, in general, the indecom-
posable p-permutation modules are not known explicitly, and the calculation of the sets of
homomorphisms in question is also difficult.
On the other hand, the case where G is a p-group is particularly pleasant and can be com-
pletely clarified.
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Theorem 8 leads easily to a characterization of finite dimensional permutation kP -modules.
Proposition 9. For any finite dimensional kP -module V ,
dimk V 
∑
Q⊆P
Q mod P
|P : Q|.dimk
(
V QNP (Q)
)
.
Proof. It follows from Theorem 8 that the following map is surjective:⎧⎪⎪⎨⎪⎪⎩
⊕
Q⊆P
Q mod P
k(P/Q) ⊗k V QNP (Q) → V,
(gQ,v) → g.v.
Thus
dimk V  dimk
( ⊕
Q⊆P
Q mod P
k(P/Q) ⊗k V QNP (Q)
)
.
And so
dimk
( ⊕
Q⊆P
Q mod P
k(P/Q) ⊗k V QNP (Q)
)

∑
Q⊆P
Q mod P
|P : Q|.dimk
(
V QNP (Q)
)
. 
The following theorem give a characterization of permutation kP -module.
Theorem 10. A finite dimensional kP -module V is a permutation kP -module if and only if
dimk V =
∑
Q⊆P
Q mod P
|P : Q|.dimk
(
V QNP (Q)
)
.
Proof. By [4, Theorem (16.5), p. 1929], cohomological Mackey functors are functors FPX
where X is a direct summand of a permutation module.
Hence, if V is a permutation kP -module then the sequence
· · · → 0 → ·· · → 0 → FPV → FPV → 0
is a projective cover of FPV in μ˜(P ).
It follows, thanks to Theorem 8, that
V 
⊕
Q⊆P
k(P/Q) ⊗k V QNP (Q).
Q mod P
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dimk V =
∑
Q⊆P
Q mod P
|P : Q|.dimk
(
V QNP (Q)
)
.
Conversely, if
dimk V =
∑
Q⊆P
Q mod P
|P : Q|.dimk
(
V QNP (Q)
)
.
It follows from Theorem 8 that I have a surjective map
FPU → FPV → 0
where
U 
⊕
Q⊆P
Q mod P
k(P/Q) ⊗k V QNP (Q).
Thus I have a surjective map
U → V.
Moreover,
dimk U = dimk V
thus
V 
⊕
Q⊆P
Q mod P
k(P/Q) ⊗k V QNP (Q).
Thus V is a permutation kP -module.
This completes the proof of the theorem. 
The following classical result is similar:
Proposition 11. For any finite dimensional kP -module V ,
dimk V  |P |dimk V P
with equality if and only if V is a projective kP -module.
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V  kP n
for some n, so
V P  (kP n)P
and since kPP is spanned by
∑
g∈P g then
V P  kn.
Thus
dimV = |P |dimV P .
Suppose now that V is any finite dimensional module, with V P  kn for some n. The inclu-
sion
V P ↪→ (kP )n
extends to a homomorphism
V → kP n
since kP n is an injective module, and this is a monomorphism since the restriction to the socle
is a monomorphism.
Therefore
dimV  n|P |
and if we have equality then V  kP n is projective. 
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